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Formalization Process (1/2) — Use Literature

Formalization of mathematics
~> translate existing literature

Textbooks used for rocq-num-analysis

Undergraduate Mathematics:
B. Gostiaux. 1. Algébre. 2. Topologie, analyse réelle. 3. Analyse fonctionnelle et calcul diff. PUF, 1993

Lax—Milgram: H. Brezis. Analyse fonctionnelle. Masson, 1983
P.G. Ciarlet. The Finite Element Method for Elliptic Problems. SIAM, 2002
A. Ern, J.-L. Guermond. Theory and Practice of Finite Elements. Springer, 2004

Lebesgue: F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014
. Gallouét, R. Herbin. Mesure, intégration, probabilités. Ellipses, 2013
. Teschl. Topics in Real Analysis. 2021

FE: A. Ern, J.-L. Guermond. Finite Elements I. Springer, 2021
B. Gostiaux. 4. Géométrie affine et métrique. PUF, 1995

[
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Formalization Process (1/2) — Use Literature

Formalization of mathematics
~> translate existing literature + fill

Textbooks used for rocq-num-analysis

Undergraduate Mathematics:
B. Gostiaux. 1. Algébre. 2. Topologie, analyse réelle. 3. Analyse fonctionnelle et calcul diff. PUF, 1993

Lax—Milgram: H. Brezis. Analyse fonctionnelle. Masson, 1983
P.G. Ciarlet. The Finite Element Method for Elliptic Problems. SIAM, 2002
A. Ern, J.-L. Guermond. Theory and Practice of Finite Elements. Springer, 2004
Lebesgue: F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014
. Gallouét, R. Herbin. Mesure, intégration, probabilités. Ellipses, 2013
. Teschl. Topics in Real Analysis. 2021
FE: A. Ern, J.-L. Guermond. Finite Elements I. Springer, 2021
B. Gostiaux. 4. Géométrie affine et métrique. PUF, 1995

[

Detailed pen-and-paper proofs for rocqg-num-analysis

FC, V. Martin. The Lax—Milgram Theorem. RR-8934, Inria Paris, 2016 (60 pages)
FC, VM. Lebesgue integration. RR-9386, Inria Paris, 2021 (160/210 pages), 2023 (340 pages)
FC, VM. Finite Element Method. RR-9557, Inria Paris, 2024 (60 pages)
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Formalization Process (1/2) — Use Literature

Formalization of mathematics
~> translate existing literature + fill
+ make formalization

Textbooks used for rocq-num-analysis

Undergraduate Mathematics:
B. Gostiaux. 1. Algébre. 2. Topologie, analyse réelle. 3. Analyse fonctionnelle et calcul diff. PUF, 1993

Lax—Milgram: H. Brezis. Analyse fonctionnelle. Masson, 1983
P.G. Ciarlet. The Finite Element Method for Elliptic Problems. SIAM, 2002
A. Ern, J.-L. Guermond. Theory and Practice of Finite Elements. Springer, 2004
Lebesgue: F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014
. Gallouét, R. Herbin. Mesure, intégration, probabilités. Ellipses, 2013
. Teschl. Topics in Real Analysis. 2021
FE: A. Ern, J.-L. Guermond. Finite Elements I. Springer, 2021
B. Gostiaux. 4. Géométrie affine et métrique. PUF, 1995

[

Detailed pen-and-paper proofs for rocqg-num-analysis

FC, V. Martin. The Lax—Milgram Theorem. RR-8934, Inria Paris, 2016 (60 pages)
FC, VM. Lebesgue integration. RR-9386, Inria Paris, 2021 (160/210 pages), 2023 (340 pages)
FC, VM. Finite Element Method. RR-9557, Inria Paris, 2024 (60 pages)
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Formalization Process (2/2) — Feedback

Feedback: formal proof allows another view of mathematics
~ unusual/original formulations
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Formalization Process (2/2) — Feedback

Feedback: formal proof allows another view of mathematics

~ unusual/ formulations
In practice
@ choose proof paths mostly using notions

~> e.g. Lax—Milgram rather than Banach—Necas—Babuska
~ e.g. exploit affine properties for Lagrange FE

@ try to results (with reasonable efforts)

@ try to choose proof paths (with reasonable efforts)
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Formalization Process (2/2) — Feedback

Feedback: formal proof allows another view of mathematics

~ unusual/ formulations
In practice
@ choose proof paths mostly using notions

~> e.g. Lax—Milgram rather than Banach—Necas—Babuska
~ e.g. exploit affine properties for Lagrange FE

@ try to results (with reasonable efforts)
@ try to choose proof paths (with reasonable efforts)
Teaching purposes: rather than generalization
Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025
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Another View of Mathematics

Factorization of results via
e.g. modules on a ring of scalars vs vector spaces on a field
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Another View of Mathematics

Factorization of results via
e.g. modules on a ring of scalars vs vector spaces on a field

Avoid in definitions:

@ use functions (undefined ~~ fictitious/unspecified)
e.g. minus on N (0), reciprocal on R (0),

limit on R (W) measure (unspecified)
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Another View of Mathematics

Factorization of results via
e.g. modules on a ring of scalars vs vector spaces on a field

Avoid in definitions:

@ use functions (undefined ~~ fictitious/unspecified)
e.g. minus on N (0), reciprocal on R (0),

limit on R (W) measure (unspecified)

@ treat
e.g. finite elements with d =0, or nges =0
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Another View of Mathematics

Factorization of results via
e.g. modules on a ring of scalars vs vector spaces on a field

Avoid in definitions:

@ use functions (undefined ~~ fictitious/unspecified)
e.g. minus on N (0), reciprocal on R (0),

limit on R (W) measure (unspecified)

o treat
e.g. finite elements with d =0, or nges =0

Context {T1 T2 : Type}. (* unit type means singleton *)
Lemma fun_from_empty_is_unit : - inhabited T1 — is_unit_type (T1 — T2).
Lemma fun_to_empty_is_empty :

inhabited T1 — - inhabited T2 — - inhabited (T1 — T2).
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Another View of Mathematics

Factorization of results via
e.g. modules on a ring of scalars vs vector spaces on a field

Avoid in definitions:

@ use functions (undefined ~~ fictitious/unspecified)
e.g. minus on N (0), reciprocal on R (0),

limit on R (W) measure (unspecified)

o treat
e.g. finite elements with d =0, or nges =0

Context {T1 T2 : Type}. (* unit type means singleton *)
Lemma fun_from_empty_is_unit : - inhabited T1 — is_unit_type (T1 — T2).
Lemma fun_to_empty_is_empty :
inhabited T1 — - inhabited T2 — - inhabited (T1 — T2).
~> R™ is represented by [0.n) —R, thus RO = {{]} = {0}
dim =0, i.e. the of empty vectors
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Set Systems (1/3) — Elementary Properties

FC, VM. RR-9386 (v3), chap. 8, pp. 107-148. ( rocq-num-analysis branch Subset)

Definition P < 2(X) + closedness properties (e.g. under €, or Uy)
~ , algebra of sets, monotone class (filter, topology)
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Set Systems (1/3) — Elementary Properties

FC, VM. RR-9386 (v3), chap. 8, pp. 107-148. ( rocq-num-analysis branch Subset)

Definition P < 2(X) + closedness properties (e.g. under €, or Uy)
~~ o-algebra, algebra of sets, monotone class (filter, topology)

Notation subset X := (X — Prop). (* belonging function *)
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Set Systems (1/3) — Elementary Properties

FC, VM. RR-9386 (v3), chap. 8, pp. 107-148. ( rocq-num-analysis branch Subset)
Definition P < 2(X) + closedness properties (e.g. under €, or Uy)

~~ o-algebra, algebra of sets, monotone class (filter, topology)
Notation X := (X —Prop). (* belonging function *)

Context {T : Type}.

(* operations on sets *)

Definition emptyset : T := fun _ > False.
Definition compl (A : T) : T:=funx =7Ax.
Definition union_seq (As : N— T) : T:= fun x =>3n, Asn x.
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Set Systems (1/3) — Elementary Properties

FC, VM. RR-9386 (v3), chap. 8, pp. 107-148. ( rocq-num-analysis branch Subset)
Definition P < 2(X) + closedness properties (e.g. under €, or Uy)

~~ o-algebra, algebra of sets, monotone class (filter, topology)
Notation X := (X —Prop). (* belonging function *)

Context {T : Type}.

(* operations on sets *)

Definition emptyset : subset T := fun _ = False.

Definition compl (A : subset T) : subset T := fun x = 74 x.

Definition union_seq (As : N— subset T) : subset T := fun x = Jn, As n x.

Notation subset_system X := ( ( X)). (* (X—Prop) —Prop *)
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Set Systems (1/3) — Elementary Properties

FC, VM. RR-9386 (v3), chap. 8, pp. 107-148. ( rocq-num-analysis branch Subset)
Definition P < 2(X) + closedness properties (e.g. under €, or Uy)

~» o-algebra, algebra of sets, monotone class (filter, topology)
Notation subset X := (X — Prop). (* belonging function *)

Context {T : Type}.

(* operations on sets *)

Definition : subset T := fun _ = False.

Definition (A : subset T) : subset T := fun x => 1A x.

Definition (As : N— subset T) : subset T := fun x = 3n, As n x.
Notation X := (subset (subset X)). (* (X—Prop) —Prop *)

(* closedness properties of set systems *)

Context (P : T).

Definition wEmpty : Prop := P (* wE %)
Definition Compl : Prop := VA, PA —P ( A). (x C %)
Definition Union_seq : Prop := VAs, (Vn, P (As n)) —P ( As). (x Uc *)
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Set Systems (2/3) — Constructive Approach

Generated o-algebra: G < 2(X), Z(G) défﬂpa_mg, Gep P
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Set Systems (2/3) — Constructive Approach

def
Generated o-algebra: G < 22(X), Z(G) = Npg-alg, GeP P
Context {T : Type} (gen : subset_system T).

Inductive Sigma_algebra : subset_system T :=

| Sigma_algebra_Gen : Incl gen Sigma_algebra

| Sigma_algebra_wEmpty : wEmpty Sigma_algebra (* wE *)

Sigma_algebra_Compl : Compl Sigma_algebra (x C %)
gm g p p gm g

| Sigma_algebra_Union_seq : Union_seq Sigma_algebra. (x Uc *)
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Set Systems (2/3) — Constructive Approach

Generated o-algebra: G < 2(X), Z(G) défﬂpa_mg, Gep P

Context {T : Type} (gen : subset_system T).
Inductive Sigma_algebra : subset_system T :=
| Sigma_algebra_Gen : Incl gen Sigma_algebra

| Sigma_algebra_wEmpty : wEmpty Sigma_algebra (* wE *)
| Sigma_algebra_Compl : Compl Sigma_algebra (x C %)
Sigma_algebra_Union_seq : Union_seq Sigma_algebra. (* Uc *)
gn g q q o1gm g
~ proofs by for properties on g-algebras (only 4 cases)
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Set Systems (2/3) — Constructive Approach

Generated o-algebra: G < 2(X), Z(G) défﬂpa_mg, Gep P

Context {T : Type} (gen : subset_system T).

Inductive : subset_system T :=
| Sigma_algebra_Gen : Incl gen Sigma_algebra
| Sigma_algebra_wEmpty : wEmpty Sigma_algebra (* wE *)
| Sigma_algebra_Compl : Compl Sigma_algebra (x C %)
| Sigma_algebra_Union_seq : Union_seq Sigma_algebra. (x Uc *)

~ proofs by for properties on g-algebras (only 4 cases)

Usual predicate form
Definition is_Sigma_algebra P : Prop := P=P.
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Set Systems (2/3) — Constructive Approach

def
Generated o-algebra: G < 22(X), Z(G) = Npy-alg, GeP P
Context {T : Type} (gen : subset_system T).
Inductive Sigma_algebra : subset_system T :=
| Sigma_algebra_Gen : Incl gen Sigma_algebra

| Sigma_algebra_wEmpty : wEmpty Sigma_algebra (* wE *)
| Sigma_algebra_Compl : Compl Sigma_algebra (x C %)
Sigma_algebra_Union_seq : Union_seq Sigma_algebra. (* Uc *)
gn g q q o1gm g
~ proofs by for properties on g-algebras (only 4 cases)

Usual predicate form

Definition P : Prop := Sigma_algebra P = P.
Lemma is_Sigma_algebra_equiv : (* TowEACAUc *)
VP, P < wEmpty P A Compl P AUnion_seq P.
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Set Systems (2/3) — Constructive Approach

def
Generated o-algebra: G < 22(X), Z(G) = Npy-alg, GeP P
Context {T : Type} (gen : subset_system T).

Inductive Sigma_algebra : subset_system T :=

| Sigma_algebra_Gen : Incl gen Sigma_algebra

| Sigma_algebra_wEmpty : wEmpty Sigma_algebra (* wE *)
| Sigma_algebra_Compl : Compl Sigma_algebra (x C %)
Sigma_algebra_Union_seq : Union_seq Sigma_algebra. (* Uc *)
gn g q q °1g g
~ proofs by for properties on g-algebras (only 4 cases)

Usual predicate form

Definition is_Sigma_algebra P : Prop := Sigma_algebra P = P.

Lemma is_Sigma_algebra_equiv : (* TowEACAUc *)
VP, is_Sigma_algebra P < wEmpty P A Compl P AUnion_seq P.

~ 7 /A-system, ring/algebra of sets, monotone class and o-ring
Semiring and semi-algebra remain in predicate form only
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.
+ apply Monotone_class_Algebra_is_Algebra.
+ apply Monotone_class_idem.
Qed.
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.

Goal

1: Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen)
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.

Goal

1: Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen)

Check Sigma_algebra_Monotone_class.

VG, Sigma_algebra (Monotone_class G) = Sigma_algebra G
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.

rewrite < Sigma_algebra_Monotone_class.

Goal

1: Sigma_algebra (Monotone_class (Algebra gen)) = Monotone_class (Algebra gen

Check Sigma_algebra_Monotone_class.

VG, Sigma_algebra (Monotone_class G) = Sigma_algebra G
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.

rewrite < Sigma_algebra_Monotone_class.

Goal

1: Sigma_algebra (Monotone_class (Algebra gen)) = Monotone_class (Algebra gen

Check Algebra_Monotone_class_is_Sigma_algebra.

VG, is_Algebra G — is_Monotone_class G — is_Sigma_algebra G
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :
Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.

Goals
1: is_Algebra (Monotone_class (Algebra gen))

2: is_Monotone_class (Monotone_class (Algebra gen))

Check Algebra_Monotone_class_is_Sigma_algebra.

VG, is_Algebra G — is_Monotone_class G — is_Sigma_algebra G
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :
Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.

Goals
1: is_Algebra (Monotone_class (Algebra gen))

2: is_Monotone_class (Monotone_class (Algebra gen))

Check Monotone_class_Algebra_is_Algebra.
VG, is_Algebra (Monotone_class (Algebra G))
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :
Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.
+ apply Monotone_class_Algebra_is_Algebra.

Goal

1: is_Monotone_class (Monotone_class (Algebra gen))
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :
Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.
+ apply Monotone_class_Algebra_is_Algebra.

Goal

1: is_Monotone_class (Monotone_class (Algebra gen))

Check Monotone_class_idem. VG, is_Monotone_class (Monotone_class G)
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :
Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.
+ apply Monotone_class_Algebra_is_Algebra.
+ apply Monotone_class_idem.

Goal
All goals completed.
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.
+ apply Monotone_class_Algebra_is_Algebra.
+ apply Monotone_class_idem.
Qed.
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Set Systems (3/3) — High-level Proofs

Theorem monotone_class :

Sigma_algebra (Algebra gen) = Monotone_class (Algebra gen).
Proof.
rewrite < Sigma_algebra_Monotone_class.
apply Algebra_Monotone_class_is_Sigma_algebra.
+ apply Monotone_class_Algebra_is_Algebra.
+ apply Monotone_class_idem.
Qed.

path for Dynkin m-A theorem
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Lebesgue Induction Principle (1/3) — Some Definitions

S. Boldo, FC, VM, MM, H. Mouhcine. A Coq Formalization of Lebesgue Induction Principle and Tonelli's Theorem.
Formal Methods 2023.

(rocq-num-analysis v2.0)
Follows F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014

F. van Doorn, Formalized Haar measure, Interactive Theorem Proving 2021
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Lebesgue Induction Principle (1/3) — Some Definitions

S. Boldo, FC, VM, MM, H. Mouhcine. A Coq Formalization of Lebesgue Induction Principle and Tonelli's Theorem.
Formal Methods 2023.

(rocq-num-analysis v2.0)
Follows F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014

F. van Doorn, Formalized Haar measure, Interactive Theorem Proving 2021

Measurability of functions
Context {T1 T2 : Type} (genl : subset_system T1) (gen2 : subset_system T2).

(* measurable is an alias for Sigma__algebra *)
Definition measurable_fun : subset (T1 —T2) := (x VAyeZp, f1(Ax)ez; %)
fun £ = V A2, measurable gen2 A2 — measurable genl (fun x1 = A2 (£ x1)).
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Lebesgue Induction Principle (1/3) — Some Definitions

S. Boldo, FC, VM, MM, H. Mouhcine. A Coq Formalization of Lebesgue Induction Principle and Tonelli's Theorem.

Formal Methods 2023. (rocq-num-analysis v2.0)

Follows F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014
F. van Doorn, Formalized Haar measure, Interactive Theorem Proving 2021

Measurability of functions
Context {T1 T2 : Type} (genl : subset_system T1) (gen2 : subset_system T2).

(* measurable is an alias for Sigma__algebra *)
Definition : subset (T1 —T2) := (x VAyeZp, f1(Ax)ez; %)
fun £ = V A2, measurable gen2 A2 — measurable genl (fun x1 = A2 (£ x1)).

For extended real-valued functions
Context {T : Type} (gen : subset_system T).

(* with T1:= T and T2 := R %)
Definition meas_fun_Rbar := gen gen_Rbar.
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Lebesgue Induction Principle (1/3) — Some Definitions

S. Boldo, FC, VM, MM, H. Mouhcine. A Coq Formalization of Lebesgue Induction Principle and Tonelli's Theorem.

Formal Methods 2023. (rocq-num-analysis v2.0)

Follows F. Maisonneuve. Intégration. Presses de I'Ecole des Mines, 2014
F. van Doorn, Formalized Haar measure, Interactive Theorem Proving 2021

Measurability of functions
Context {T1 T2 : Type} (genl : subset_system T1) (gen2 : subset_system T2).

(* measurable is an alias for Sigma__algebra *)
Definition measurable_fun : subset (T1 —T2) := (x VAyeZp, f1(Ax)ez; %)
fun £ = V A2, measurable gen2 A2 — measurable genl (fun x1 = A2 (£ x1)).

For extended real-valued functions
Context {T : Type} (gen : subset_system T).

(¢ with T1 := T and T2 := R *)
Definition := measurable_fun gen gen_Rbar.
Definition Mplus : subset (T — Rbar) := fun f = nonneg f A £.
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Lebesgue Induction Principle (2/3) — Inductive Definition

Constructive view of
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Lebesgue Induction Principle (2/3) — Inductive Definition

Constructive view of
Context {T : Type} (gen : subset_system T).

Inductive Mp : subset (T — Rbar) :=
| Mp_charac : V A, measurable gen A — Mp (charac A)
|Mp_scal:Vaf 0<a—Mpf—Mp(funx =a *pf x)
| Mp_plus : Vg Mpf —Mpg —Mp (fun x > £ x + g x)
| Mp_sup : V£s, incr_fun_seq fs — (¥ fsn < £s (S n) *)
(Vn, Mp (fs n)) —Mp (fun x = Sup_seq (fun n = fs n x)).
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Lebesgue Induction Principle (2/3) — Inductive Definition

Constructive view of
Context {T : Type} (gen : subset_system T).

Inductive Vp : subset (T — Rbar) :=
| Mp_charac : V A, measurable gen A — Mp (charac A)
|Mp_scal:Vaf 0<a—Mpf—Mp(funx =a *pf x)
| Mp_plus : Vg Mpf —Mpg —Mp (fun x > £ x + g x)
| Mp_sup : V£s, incr_fun_seq fs — (¥ fsn < £s (S n) *)
(Vn, Mp (fs n)) —Mp (fun x = Sup_seq (fun n = fs n x)).

Lemma Mp_correct : V£, f < Mplus gen f.
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Lebesgue Induction Principle (3/3) — Induction Principle

Lemma Mp_ind : V (P : subset (T — Rbar)),

(V A, measurable gen A — P (charac A)) —
(Vvaf,0<a—Mpf—Pf—P(funx >as*zfx))—
(VifgMpf -Pf—-Mpg—Pg—P (funx=fx+pgx)) —
(

V£, incr_fun_seq f —

(Vn, Mp (£ n)) = (VYn, P (f n)) =P (fun x = Sup_seq (funn = f n x))) —

VE Mpf —P f.

Lemma (Lebesgue induction principle)

Let P be a predicate on X —R. Assume P holds on
positive linear operations and with the supremum of nondecreasing sequences:

v 5
VaeR4, VfE./ﬂ_{.,
Vf,gEM-h

V(fn)nel\l €M,

Then, P holds on .

P(1 ),
P(f)= P(af),
P(f)AP(g)= P(f+g),

(VneN, fo < frr1 AP(f)) = P(sup fn) .
neN

and is compatible on .+ with

(* generated lemma *)

Boldo, Clément, Martin, Mayero

rocg-num-analysis: part I 19/11/2025
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Outline

© Simplicial Lagrange Finite Elements
@ Reference Simplex
@ Generic Simplex
@ Lagrange Finite Element
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Simplicial Lagrange Finite Elements

SB, FC, VM, MM, HM. A Rocq Formalization of Simplicial Lagrange FE. RR-9590, Inria Saclay, 2025. (rocq-num-analysis v2.0)

Finite element method

Tgeom transfers computations on any cell K to the reference unit cell K

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 14 /36
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Simplicial Lagrange Finite Elements

SB, FC, VM, MM, HM. A Rocq Formalization of Simplicial Lagrange FE. RR-9590, Inria Saclay, 2025. (rocq-num-analysis \/2.0)

Finite element method

Tgeom transfers computations on any cell K to the reference unit cell K

~+ do the same to build Lagrange FE

quantities / properties in the

case
defs/most proofs using

properties of Tgeom

then
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Simplicial Lagrange Finite Elements

SB, FC, VM, MM, HM. A Rocq Formalization of Simplicial Lagrange FE. RR-9590, Inria Saclay, 2025. (rocq-num-analysis v2.0)

Finite element method

Tgeom transfers computations on any cell K to the reference unit cell K

~+ do the same to build Lagrange FE

quantities / properties in the

case
defs/most proofs using

properties of Tgeom

then

B. Gostiaux (4. Géométrie affine et métrique. PUF, 1995)

Une propriété vraiment affine se traduit par des
[A truly affine property translates into

/

Barycentric coordinates = affine Lagrange polynomials (k =1)
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Formalization of Finite Elements (1/2) — Definition

Finite element as triple (K, P,X) (Ciarlet, 1991)
Given d,nqof =1 and g€ {l1,d}

Geometric element K cRY polytope, int(K) # @ (e.g. d-simplex)
Approximation space P c %(K — R9) vector space, dimeN* (e.g. poly)
Degrees of freedom Z =(0/)ie[o..ny) € F(P,R) lin (e.g. 0i(p)=p(ai))

unisolvence: @5 % (P= (0i(P))ic[0..n4r)) bij ONtO R™f
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Formalization of Finite Elements (1/2) — Definition

Finite element as triple (K, P,X) (Ciarlet, 1991)
Given 21 and ge{l,d}

Geometric element polytope, int(K) # @ (e.g. d-simplex)
Approximation space vector space, dimeN* (e.g. poly)
Degrees of freedom lin (e.g. 0i(p)=p(ai))

unisolvence: @5 % (P= (0i(P))ic[0..n4r)) bij ONtO R™f

+ properties
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Formalization of Finite Elements (1/2) — Definition

Finite element as triple (K, P,X) (Ciarlet, 1991)
Given d, nyof and g

Geometric element K < RY (e.g. d-simplex)
Approximation space Pc Z(K — R9) (e.g. poly)
Degrees of freedom Z =(07)ie[o..ngr) € F(P,R) (e.g. 0i(p)=p(ai))

unisolvence: @5 % (P= (0i(P))ic[0..n4yr)) DiI ONto R™of

data +
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Formalization of Finite Elements (1/2) — Definition

Finite element as triple (K, P,X) (Ciarlet, 1991)
Given d,nqof =1 and g€ {l1,d}

Geometric element K cRY polytope, int(K) # @ (e.g. d-simplex)
Approximation space P c %(K — R9) vector space, dimeN* (e.g. poly)
Degrees of freedom Z =(0/)ie[o..ny) € F(P,R) lin (e.g. 0i(p)=p(ai))

unisolvence: s % (P= (0i(P))ic[0..n4yr)) DiI ONto R™of

data + properties

unisolvence <= A
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g=1, K simplex

Record FE (d : N) : Type := mk_FE {
nvtx : N := d.+1;
K_vertices : [0..nvtx) —'R™4;
K_geom : subset 'R™d := convex_hull K_vertices; (* geometric element K *)
ndof : N;
P_approx : subset ('R"d —R); (* approximation space P *)
P_approx_has_dim : has_dim P_approx ndof;
S_dof : '(((R"d —R) — R) ndof; (* degrees of freedom X *)
S_dof_1lm: V(i : [0..ndof)), 1lin_map (S_dof i);
unisolvence_inj : P_approx (gather S_dof);
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g=1, K simplex

Record FE (d : N) : Type := mk_FE {
nvtx : N := d.+1;
K_vertices : [0..nvtx) —'R™4;
K_geom : subset 'R™d := convex_hull K_vertices; (* geometric element K *)
ndof : N;
P_approx : subset ('R"d —R); (* approximation space P *)
P_approx_has_dim : has_dim P_approx ndof;
S_dof : '(((R"d —R) — R) ndof; (* degrees of freedom X *)
S_dof_1lm: V(i : [0..ndof)), 1lin_map (S_dof i);
unisolvence_inj : P_approx (gather S_dof);

1.

Context {G1 G2 : AbelianMonoid} (PG1 : subset G1) (f : G1 — G2).
Definition :Prop:=Vx1, PGlx1 -fx1=0-x1=0. (% kerﬁpG1 = {0}

*
~
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g=1, K simplex

Record FE (d : N) : Type := mk_FE {

' N d.+1;
K_vertices : [0..nvtx) —'R™4;
: subset 'R"d := convex_hull K_vertices; (* geometric element K *)
ndof : N;
P_approx : subset ('R"d —R); (* approximation space P *)
P_approx_has_dim : has_dim P_approx ndof;
S_dof : '(((R"d —R) — R) ndof; (* degrees of freedom X *)

S_dof_1lm: V(i : [0..ndof)), 1lin_map (S_dof i);
unisolvence_inj : KerSO P_approx (gather S_dof);

1.

Context {G1 G2 : AbelianMonoid} (PG1 : subset G1) (f : G1 — G2).
Definition KerSO : Prop := Vx1,PGl x1 - fx1 =0 —-x1 =0. (* kerﬁpG1 = {0}

*
~
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g=1, K simplex

Record FE (d : N) : Type := mk_FE {
nvtx : N := d.+1;
K_vertices : [0..nvtx) —'R™4;

K_geom : subset 'R™d := convex_hull K_vertices; (* geometric element K *)
CN;
: subset ('R™d —R); (* approximation space P *)

P_approx_has_dim : has_dim ;

- '((R"d = R) — R) ndof; (* degrees of freedom X *)
S_dof_1m: V(i : [0.. )), lin_map ( i);
unisolvence_inj : KerS0 (gather ):

}.

Context {G1 G2 : AbelianMonoid} (PG1 : subset G1) (f : G1 — G2).
Definition KerSO : Prop := Vx1,PGl x1 - fx1 =0 —-x1 =0. (* kerﬁpG1 =1{0} *)
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g=1, K simplex

Record FE (d : N) : Type := mk_FE {
nvtx : N := d.+1;
: [0.nvtx) - 'R™4;

K_geom : subset 'R™d := convex_hull K_vertices; (* geometric element K *)

ndof : N;

P_approx : subset ('R"d —R); (* approximation space P *)
: has_dim P_approx ndof;

S_dof : '(((R"d —R) — R) ndof; (* degrees of freedom X *)

2V (i:[0..ndof)), lin_map (S_dof i);
: KerSO P_approx (gather S_dof);

1.

Context {G1 G2 : AbelianMonoid} (PG1 : subset G1) (f : G1 — G2).
Definition KerSO : Prop := Vx1,PGl x1 - fx1 =0 —-x1 =0. (* kerﬁpG1 =1{0} *)
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g=1, K simplex,

Record FE (d : N) : Type := mk_FE {
nvtx : N := d.+1;
K_vertices : [0..nvtx) —'R™4;

K_geom : subset 'R™d := convex_hull K_vertices; (* geometric element K *)
ndof : N;

P_approx : subset ('R"d —R); (* approximation space P *)
P_approx_has_dim : has_dim P_approx ndof;

S_dof : '(((R"d —R) — R) ndof; (* degrees of freedom X *)

S_dof_1lm: V(i : [0..ndof)), 1lin_map (S_dof i);
unisolvence_inj : KerSO P_approx (gather S_dof);

1.

Context {G1 G2 : AbelianMonoid} (PG1 : subset G1) (f : G1 — G2).
Definition KerSO : Prop := Vx1,PGl x1 - fx1 =0 —-x1 =0. (* kerﬁpG1 = {0}

*
~
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Formalization of Finite Elements (2/2) — Rocq Record

vl: choose g =1, K simplex, int(K) # @ ~> aff_indep K_vertices

Record FE (d : N) : Type := mk_FE {
nvtx : N := d.+1;
K_vertices : [0..nvtx) —'R™4;

K_geom : subset 'R™d := convex_hull K_vertices; (* geometric element K *)
ndof : N;

P_approx : subset ('R"d —R); (* approximation space P *)
P_approx_has_dim : has_dim P_approx ndof;

S_dof : '(((R"d —R) — R) ndof; (* degrees of freedom X *)

S_dof_1lm: V(i : [0..ndof)), 1lin_map (S_dof i);
unisolvence_inj : KerSO P_approx (gather S_dof);

1.

Context {G1 G2 : AbelianMonoid} (PG1 : subset G1) (f : G1 — G2).
Definition KerSO : Prop := Vx1,PGl x1 - fx1 =0 —-x1 =0. (* kerﬁpG1 = {0}

*
~

~ the record for simplicial Lagrange FE

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 16 / 36
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e Simplicial Lagrange Finite Elements
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@ Generic Simplex
@ Lagrange Finite Element

@ Difficulties, Conclusion and Perspectives



Reference Simplex (1/3) — Vertices and Nodes

¥, =(0,1,0)

Vo =(0,0)

= vector/point/tuple
= reference

Reference vertices deef(O, yeres ) (Vie[0..d),
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Reference Simplex (1/3) — Vertices and Nodes

¥, =(0,1,0)

Vo =(0,0)

bold = vector/point/tuple
hat = reference

Reference vertices ¥% (0,60,...,64-1) (Vie[0..d), &;
~ ¥ affine basis of RY (int(f() #0)
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Reference Simplex (1/3) — Vertices and Nodes

¥, =(0,1,0)
Vo =(0,0)

bold = vector/point/tuple
hat = reference

Reference vertices ¥% (0,60,...,64-1) (Vie[0..d), &; ef (6i);
~ ¥ affine basis of RY (int(f() #0)

def
Reference nodes Veace (7=

= {@weN| <k})

’
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Reference Simplex (1/3) — Vertices and Nodes

¥, =(0,1,0)
Vo =(0,0)

bold = vector/point/tuple
hat = reference

Reference vertices ¥% (0,60,...,64-1) (Vie[0..d), &; ef (6i);
~ ¥ affine basis of RY (int(f() #0)

Reference nodes Vace dlf], EPM def a (,szflf’ def e N Y, ;< k})
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Reference Simplex (1/3) — Vertices and Nodes

2iai=0
Uy =(0,1)
[
R2
¥, =(0,1,0)
90 =(0,0) v1=(1,0)
a(0,0) o
V1= (1'0'0) .

bold = vector/point/tuple
hat = reference

Reference vertices deef(0,6o,...,6d_1) (Vie[0..d), &; ef (6i);
~ ¥ affine basis of RY (int(f() #0)

Reference nodes Veace dlf], EP def (%)a (,szflf’ def e NY| Y a; < ki)
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Reference Simplex (1/3) — Vertices and Nodes

Yiai=0
= (0,1) riaj=1
RZ
_ V> =(0,1,0)
a
90 =(0,0) v1=(1,0)
30,0) 3(10)
01:(1'0'0) .

bold = vector/point/tuple
hat = reference

Reference vertices deef(O,ﬁo,...,ﬁd_l) (Vie[0..d), &; ef (6i);
~ ¥ affine basis of RY (int(f() #0)

Reference nodes Veace dlf], EP def (%)a (,szflf’ def e NY| Y a; < ki)
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Reference Simplex (1/3) — Vertices and Nodes

2iai=0
¥ =(0,1) %/g'zé

a0,0) 310 320

bold = vector/point/tuple
hat = reference

Reference vertices deef(O,ﬁo,...,ﬁd_l) (viel0..d), 6; &ef (0ij)jefo..d))
~ ¥ affine basis of RY (int(f() #0)

def

Reference nodes Vaedﬂ, Ag = (%)a (df def aeN |y a; < k})
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Reference Simplex (1/3) — Vertices and Nodes

Yiai=0
V2=(0,1) %’g' z;
Yiai=3

bold = vector/point/tuple
hat = reference

Reference vertices deef(0,6o,...,6d_1) (viel0..d), 6; &ef (0ij)jefo..d))
~ ¥ affine basis of RY (int(f() #0)

Reference nodes Vae dﬂ, EP def (%)a (dlf’ dgf{a eNY|Y ;i < k})
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Reference Simplex (1/3) — Vertices and Nodes

Yiai=0
V2=(0,1) %’g' z;
Yiai=3

a
o =(0,0) v1=(1,0)
a00) 310 320 330
U=

bold = vector/point/tuple
hat = reference

Reference vertices deef(0,6o,...,6d_1) (viel0..d), 6; &ef (0ij)jefo..d))
~ ¥ affine basis of RY (int(f() #0)

Reference nodes Vae dﬂ, EP def (%)a (dlf’ dgf{a eNY|Y ;i < k})
~~ V are ref nodes, k=1=a= ref vertices
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Reference Simplex (2/3) — Lagrange Polynomials

Reference Lagrange polynomials  given X € RY
. = /.~y def -~
(i=0) %((®)=1-15;%
. 5 7y def o
(I € [1d]) 5£,-(x) = Xji—1

Some properties
Vi,j€ [0..d], fi(il\j) = 5,’j
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Reference Simplex (2/3) — Lagrange Polynomials

Reference Lagrange polynomials  given X € RY
. = /.~y def -~
(i=0) %((®)=1-15;%
. 5 7y def o
(I € [1d]) 5£,-(x) = Xji—1

Some properties
Vi je0.d], Zi(v;)=6;
Z=0 def in v
(i.e Z,-Q(x)ﬁ, =X with }; % =1)
vie[0.d], %
K7 of IP‘lj
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Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane

. = def ~
(iefo.d]) #= span(V)); ;
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Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane (v F6 = ker B5)

. = def ~
(iefo.d]) #= span(Vj); ;
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Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane (v F6 = ker Z;)
. = def ~

(iefo.d]) #= span(V)); ;

Ref injections: — RY
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Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane (v F6 = ker Z;)
. = def ~
(iefo.d]) #= span(Vj); ;

=d

Ref injections: RI~1 — 7 c RY (~ aff map)
(i=0) ) (1 EAY

(ie[l..d]) ) = (XO,..., X5 0,%_1,.., X )

To(x
hix

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 20/36



Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane (v F6 = ker Z;)
. = def ~
(iefo.d]) #= span(V)); ;

Ref injections: @d_l — J6 <RI (~ aff map)
(i=0) To(®)= (1-1;%.%)

. ~ odef A N
(ie[l.d]) Ti(%)= (%R0 0, %1, %))

Hyperface multi-indices (~ ae ©ag€N)

Al Lol Iviai=k,  (ic[ld)) 2 Clacadaii=0)
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Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane (v F6 = ker Z;)
. = def ~
(iefo.d]) #= span(V)); ;
Ref injections: R9~! — 7% c RY (~ aff map)
(i=0) To(x)%Ef ( ,2’)

~ def , o —~ ~ ~
(ie[l.d]) [;i(X) = ( (,),...,X,{_2, ,x;_l,...,xé_z)

Hyperface multi-indices (~ aedfiéﬁaEﬁ)
Ay Elaedd|Yiai=k,  (ie[ld]) o Elacadlai =0

Multi-index injections: ﬂffl — c,df
(i=0)  1fo(a)=( o)
. def
(IE [1..d]) I]fi,.(a’) = (06/0,...,0!’,'_2, ,a',-_l,...,(x’d,z)
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Reference Simplex (3/3) — Face Hyperplanes

Reference face hyperplane (v F6 = ker Z;)
. = def ~
(iefo.d]) #= span(V)); ;

Ref injections: @d_l — J6 <RI (~ aff map)
(i=0) To(®)= (1-1;%.%)
. sy def oo -~ -
(ieltud]) TiE) = (Rpr o R 0Ri_1re 0 Rgs)

Hyperface multi-indices (~ aedfiéﬁaEﬁ)
Ay Elaedd|Yiai=k,  (ie[ld]) o Elacadlai =0

Multi-index injections: ,ssz’l — gid c,dd (~ (5Z, hy=3ad (a,))
. d f
(i=0) 17 o(a’) d—ef(k ydja)
(i € [1..d]) I]ZYi(a’) = (06/0,..., " 5,0, a',-_l,...,a’d,z)
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@ Introduction
© About Measure Theory

e Simplicial Lagrange Finite Elements
@ Reference Simplex
@ Generic Simplex
@ Lagrange Finite Element

@ Difficulties, Conclusion and Perspectives



Generic Simplex (1/3) — Geometric Transformation

%= (01) Vo= TY(@)

o =(0,0
0=(0.0) 1 =(1,0) vy =T"(V1)
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Generic Simplex (1/3) — Geometric Transformation

%= (01) Vo= TY(@)

o =(0,0
0=(0.0) 1 =(1,0) vy =T"(V1)

Geometric transformation  given d+1 points v in RY

TV(%) % Y Z(X)vi (TY: R — RY)
i€[0..d]
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Generic Simplex (1/3) — Geometric Transformation

%= (01) Vo= TY(@)

o =(0,0
0=(0.0) 1 =(1,0) vy =T"(V1)

Geometric transformation  given d+1 points v in RY

TVR)E (@(2),\1)(: > 2(2)\,,-) (TV:RY - RY)
i€[0..d]
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Generic Simplex (1/3) — Geometric Transformation

%= (01) Vo= TY(@)

%0=(0.0) V1 =(1,0) vi=TY(V1)
Geometric transformation  given d+1 points v in RY
TV(%) % (2(%),v) (: Y 2(2)\,,-) (TY: R — RY)
i€[0..d]
Some properties
I ,  T'W)=v, TYK)=K
TV bij from RY (K) onto R? (K),  (TV)!
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Generic Simplex (2/3) — Nodes and Face Hyperplanes

def ~ .
Nodes a¥% = 7V(ag) (~> v are nodes, k =1= a" = vertices)
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Generic Simplex (2/3) — Nodes and Face Hyperplanes

Nodes d—Ef TV(aq) (~> v are nodes, k =1= a" = vertices)

Lagrange polynomials  ve (R9)9+!

(ie[0.d]) VxeR?, L'(x)< Zo (x)

L) =05 XiZ'=1 2£'=¢', £ aff map
2" basis of [P’f
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Generic Simplex (2/3) — Nodes and Face Hyperplanes

Nodes d—Ef TV(aq) (~> v are nodes, k =1= a" = vertices)

Lagrange polynomials v e (R?)9*! affinely independent

(ie[0.d]) VxeR?, L'(x)E Zo(T) ! (x)
(TY) " affmap ~ LY(vj)=6; X;2&'=1 £L'=¢", £'aff map
%" basis of[P’f

Face hyperplane #} def (:7?,) (W =75,y=5Pa”(Vj)j¢,')

=ker &Y

T" bij from F€; onto S
aedglaa e Y
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Generic Simplex (3/3) — Injections

v2

Vi
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Generic Simplex (3/3) — Injections

V3

v2

Vi
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Generic Simplex (3/3) — Injections

v2
Yo
. . def n =d—
Injections = TVol; (aff map from RI1 to RY)
/ d-1 viad-1y _ v
va'es,] ", ['(ay, )_a”‘k’;(“’)

IY bij from RI1 onto Y
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@ Difficulties, Conclusion and Perspectives



Lagrange FE (1/5) — (K,P,Z) Triple
Triple  given d,keN, ve (R9)9*1
Kd:efconvgv)
Pd:ef[P’Z de span(X“)aedf

def
= (P~ p(ah)) weurs

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025
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Lagrange FE (1/5) — (K, P,X) Triple

Triple given d,keN, ve(IR{d)dJr1

Kd:efconvg{v)
Pd:ef[lj’z = span(X%) ge ~ dim P = card(«/)) = ngof
=€ (p p(ak)) ae - lin-map

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025
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Lagrange FE (1/5) — (K, P,X) Triple

Triple given d,keN, ve(IR{d)dJr1

Kd—fconvgr v)

Pdede de pan(X )aE,d:
p— p(ag ))aedf
Unisolvence property

(d,k>0) (d,k)

de(

def

Boldo, Clément, Martin, Mayero

[Vve Rd)d+1 aff indep, ®x

rocq-num-analysis: part Il

~o card(d,f’) =
~> lin map

(©2(p) = (p(ak)) genss)

d
on [Pk]

19/11/2025 26 /36



Lagrange FE (1/5) — (K, P,X) Triple

Triple given d,keN, ve(IR{d)dJr1

Kd—:convg v)
P:ef[P’d = span(X®* )aed: ~ dim P = card(?) = ngos
Z = (p— p(an)) aears ~ lin map
Unisolvence property (P=(p) def (p(ay, ))aedf)

(d,k>0) %(d, k def[Vve (RY)9*1 aff indep, @5 inj on [Pk]

Proof: double induction for d, k=1

(k=1, ) p(x)= ) Z'(x) ~

i€[0..d]

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 26 /36



Lagrange FE (1/5) — (K, P,X) Triple

Triple given d,keN, ve(IR{d)dJr1

Kd—:convg v)
P:ef[P’d = span(X®* )aed: ~ dim P = card(?) = ngos
Z = (p— p(an)) aears ~ lin map
Unisolvence property (P=(p) def (p(ay, ))aedf)

(d,k>0) %(d, k def[Vve (RY)9*1 aff indep, @5 inj on [Pk]

Proof: double induction for d, k=1

(k=1a"=v) p(x)= Y p(vi)<Z(x) ~ U(d,1)
i€[0..d] — 3

(d=1, ) p()= X ’ ~
ie[0..k] j#i 9~ 4]
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Lagrange FE (1/5) — (K, P,X) Triple

Triple given d,keN, ve(IR{d)dJr1

Kd—:convg v)
P:ef[P’d = span(X®* )aed: ~ dim P = card(?) = ngos
Z = (p— p(an)) aears ~ lin map
Unisolvence property (P=(p) def (p(ay, ))aedf)

(d,k>0) %(d, k def[Vve (RY)9*1 aff indep, @5 inj on [Pk]

Proof: double induction for d, k=1

(k=La"=v)  p(x)= [%d]p(w)ff;"(X) ~ U(d,1)
(d=Lapwd)  p(x)= ) p(a )l_[a - ~ U(1, k)
i€[0..k] J#i 9
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Lagrange FE (1/5) — (K, P,X) Triple

Triple given d,keN, ve(IR{d)dJr1

Kd—:convg v)
P:ef[P’d = span(X®* )aed: ~ dim P = card(?) = ngos
Z = (p— p(an)) aears ~ lin map
Unisolvence property (P=(p) def (p(ay, ))aedf)

(d,k>0) %(d, k def[Vve (RY)9*1 aff indep, @5 inj on [Pk]

Proof: double induction for d, k=1

(k=La"=v)  p(x)= [%d]p(w)ff;"(X) ~ U(d,1)
(d=Lapwd)  p(x)= ) p(a )l_[a - ~ U(1, k)
i€[0..k] J#i 9

Degenerate cases d =0 and k=0 are treated separately
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

Vpelp‘,fﬂ, Pz =0 = 3qeP], p=Z4*q

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 27 /36



Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePly pp=0 = P p=Zixg

Proof uses Euclidean division by monomial Xq_1(= Zy)

Lemma (factor zero on A7)

VpePi,, py=0 = 3qePf p=
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)

Lemma (factor zero on A7)

v aff indep = VpE[P’iH, par =0 = EIqe[P’d,p:C%,"*q

Proof.

pEpoT
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)

Lemma (factor zero on A7)

v aff indep = Vpe[P’iH, par =0 = EIqe[P’d,p:Z,"*q

Proof.

d:efpo T7a) (since T7a(v) aff map)
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)

Lemma (factor zero on A7)

v aff indep = VpE[P’iH, = EIqe[P’d,p:Z,"*q
Proof.
ﬁd:efpo T76(v) €[P"Z+1 (since T74(Y) aff map)
~ (since TT'd(")(J?d) = Jfr", )= H)
d
L]
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)

Lemma (factor zero on A7)

v aff indep = Vpe[P’iH, par =0 = EIqe[P’d,p:C%,-"*q

Proof.

ﬁd:efpo T7a(v) e[P"Z+1 (since T7() aff map)
. ﬁli?d =0 (since TTQ(")(J?d) =J£T"2’(d) =AY)

]

~ such that (lemma above)
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)
Lemma (factor zero on A7)

VpEPi+1, p|<]flv:0 - HqEPd,ngiv*q

Proof.

ﬁd:efpo T7a(v) e[P"Z+1 (since T7() aff map)

~ Bz, =0 (since T Hg) =76} = 7))

~ 3G € P such that P=Ly*q (lemma above), and
~s p=po
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)
Lemma (factor zero on 7)

v aff indep = Vpe[P’iH, par =0 = EIqe[P’d,p:C%,-"*q

Proof.

ﬁd:efpo T7a(v) e[P"Z+1 (since T7() aff map)

~ /ﬁljligd =0 (Since TTQ(V)(@) = t]f‘:”é(d) = %V)

]

~ 3G € P such that (lemma above), and T74(¥) bij
~ p= O(TTQ(V))—I — o(TTQ("))_l o(TTQ("))_l
L]
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on #,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)
Lemma (factor zero on 7)

VpEPi+1, p|(]flv:0 - HqEPd,ngiv*q

Proof.

ﬁd:efpo T7a(v) e[P"Z+1 (since T7() aff map)

~ /ﬁljligd =0 (Since TTQ(V)(@) = t]f‘:”é(d) = %V)

]

~ El’q\EIP‘z such that p= %y *§ (lemma above), and T74(v) bij

s p=po(TTM) 1= #go(TTeM)) = 2V xgo(TTel¥)

Ol
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Lagrange FE (2/5) — Polynomial Factorization

Lemma (factor zero on A,)

VpePy,,, Pz =0 = 3qeP}, p=2Lyxq

Proof uses Euclidean division by monomial Xq_1(= Zy)
Lemma (factor zero on 7) |

VpEPi+1, p|(]flv:0 - ElqEPd,ngiv*q

Proof. |

ﬁd:efpo T7a(v) e[P"Z+1 (since T7() aff map)

~ ﬁlft@ =0 (since TTQ(")(J?d) :Jfrv;,(d) = 7)) |

~ EIGEIPZ such that p= %y G (lemma above), and T7¢(¥) bij

v p=Po(TTaM) ™1 = Zo(TT)) Lago (TTeM) 1= LY 4 Go(TTaV) !
dZEfao(TTQ("))‘l (since (TTQ("))‘1 aff map) ~~ O
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep

pePdtl st vaeadrl, p(ay” ') =0
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep Show: p=0

pe Pz:% st Va e dg:ll, p(a%d*) =0

Step 1: factorization (d — d+1)
f)odgfpo :@"—»Jz,"(‘)’c[]%d+1 —R
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep Show: p=0

pe Pz:% st Va e dg:ll, p(a%d*) =0

Step 1: factorization (d — d+1)
po L poly BRI — 78y cRIT R
~ (I aff map)
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep Show: p=0

pe Pz:% st Va e dg:ll, p(a%d*) =0

Step 1: factorization (d — d+1)
po L poly BRI — 78y cRIT R
~ po€Py,, (I aff map), and e Ay ('€l
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep Show: p=0

d+1 d+1
pePy i st Vaedd ' ",

Step 1: factorization (d — d+1)
po L poly BRI — 78y cRIT R
~ PoePd  (I¥ aff map), and f¥(ad,) = aa’éf’(jj,) ey (¢ et )

~ Po(ad,) =
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A = U(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep Show: p=0
pe Pz:% st Va e dg:ll, p(a%d*) =0

Step 1: factorization (d — d+1)
po L poly BRI — 78y cRIT R
~ PoePd  (I¥ aff map), and f¥(ad,) = aa’éf’(jj,) ey (¢ et )

PN ,d+1
- ol = play ) =0 -
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Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)

Hyp: ve (RA+1)d+2 Show: p=0
pe Pz:% st Va e dg:ll, p(a%d*) =0

Step 1: factorization (d — d+1)
po L poly BRI — 78y cRIT R
~ PoePd | (I¥ aff map), and f¥(ad) =a%?"! e Y (a'estl,)

[IZ,I.(a’)
~ ﬁo(/a\i,) = p(a:c;d(-:xl/)) =0~ ﬁo =0on @d
ki
Pi7y = Po© =0 ( )

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 28 /36



Lagrange FE (3/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9*2 aff indep Show: p=0

pe Pz:% st Va e dg:ll, p(a%d*) =0

Step 1: factorization (d — d+1)
po L poly BRI — 78y cRIT R

~ PoePd  (I¥ aff map), and f¥(ad,) = aa’f(jj,) ey (¢ et )
ki
~ Po(ag,) = p(ay))) =0 ~ Po =0 on B¢
=Poo(Ry)1=0 (Y bij) ~ (previous lemma)
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Lagrange FE (4/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RI1)9+2 aff indep Show: p=0

pePitl st vae gl plag ') =0
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
EIqe[P’ZH, p=%y*q

Step 2: cancellation (k— k+1)
Subnodes:
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
EIqe[P’ZH, p=%y*q

Step 2: cancellation (k— k+1)
Subnodes: Txedf*l

~ a7
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Lagrange FE (4/5) — Unisolvence Proof

(d,k>0) u(d+1,k) A Uu(dk+1) = u(d+1,k+1)
Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
EIqe[P’ZH, p=%y*q

Step 2: cancellation (k— k+1)
Subnodes: Txedf*l

— AV Vv
- @ —3527
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
Elqe[FDZH, p=%y*q

Step 2: cancellation (k— k+1)
Subnodes: Txedf*l

_ V,k+1_ v v
~dg T a; ¢ 7y
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
Elqe[FDZH, p=%y*q

Step 2: cancellation (k— k+1)
Subnodes: @€ glf*l
e a%r’k =alk = al ¢ Y = ker LY
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0

d+1 d+1

peP,; stVaess,
Agepd*t,

Step 2: cancellation (k— k+1)
Subnodes: @€ gif*l
~ :g‘é %V =

0
~ q(ag)=0

Boldo, Clément, Martin, Mayero rocg-num-analysis: part I 19/11/2025 29 /36



Lagrange FE (4/5) — Unisolvence Proof

(d,k>0) AN U(d k+1l) = wu(d+1,k+1)
Hyp: ve (RI+1)d+2 Show: p=0
pePdtl st vae g7l p(aly**t) =0

AgeP{™ p=LYxq

Step 2: cancellation (k— k+1)
Subnodes: Txedf*l

e a%r’k = a‘gkﬂ =aY ¢ A = ker £
~s q(aé’k) =0
~ (since v aff indep)
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
IgePd*t,

Step 2: cancellation (k— k+1)
Subnodes: &Edf*l

e a%r’k = a‘gkﬂ =ay, ¢ A = ker £
v,

~ q(ag ) =0

~» q=0 (since v aff indep)

od
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Lagrange FE (4/5) — Unisolvence Proof

(dk>0)  wu(d+1,k) A Uu(dk+1l) = U(d+1,k+1)

Hyp: ve (RY+1)9+2 aff indep Show: p=0
pePdtl st vae g7l p(aly**t) =0
Elqe[P’d+1, p=%y*q

Step 2: cancellation (k— k+1)
Subnodes: &Ed‘”l

~> a‘ék a‘é‘kﬂ—a ¢ Hy = ker £
- q(az)=0

~» q=0 (since v aff indep)

~ p=0

Note: reference subvertices V are not reference vertices
~ proof does not work for the sole reference case
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Lagrange FE (5/5) — Record Instantiation

Record FE (d : N) : Type := mk_FE {

nvtx : N := d.+1;

: [0.nvtx) = 'R74;
K_geom : subset 'R™d := convex_hull K_vertices;
ndof : N;
P_approx : subset ('R"d —R);

: has_dim P_approx ndof;
S_dof : '(((R"d —R) — R) ndof;
2V (i:[0..ndof)), lin_map (S_dof i);
: KerSO P_approx (gather S_dof);

1.

Context {d k : N} (Hd : d #0) (Hk : k #0).
Context {vtx : [0..d] — 'R"d} (Hvtx : aff_indep vtx).

Definition FE_LagPSdSk : FE d := mk_FE vtx (Pdk_has_dim d k)
(FE_LagPSdSk_S_dof_1lm k vtx) (FE_LagPSdSk_unisolvence_inj Hd Hk Hvtx).
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@ Difficulties, Conclusion and Perspectives



Some Difficulties

Handling of vectors
even with (H:n1 =n2), 'T"n1 and 'T"n2 are not unifiable
~ use of castFH: 'T"nl1 —'T n2
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Some Difficulties

Handling of vectors
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~ build PE_ms := sub_ModuleSpace HPE
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Handling of algebraic structures

T —E inherits the algebraic structure of E

problem when several distinct algebraic structures match

e.g. 'R°d : AffineSpace R masks 'R"d : ModuleSpace R
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Handling of algebraic structures

T —E inherits the algebraic structure of E

problem when several distinct algebraic structures match

e.g. 'R°d : AffineSpace R masks 'R"d : ModuleSpace R

~~» some statement to force ModuleSpace as AffineSpace

Lack of analysis results
e.g. freedom of multivariate monomials (Xa)aedf without diff calculus

~> choose alternate proof paths using
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Conclusion

@ Formal tools provide in the proofs

~ formalization of

~ for properties of programs (including )
@ Formal definition of FE
e Formal build of simplicial (+ subset/algebra: >45 kloc)
° work: mathematics / computer science
° work
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Rocq developments

Opam packages: https://rocq-prover.org/p/rocq-num-analysis/2.0.0

Git repo: https://lipn.univ-parisi3.fr/rocq-num-analysis/
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Perspectives
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7
Cuboid Lagrange FE
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Thanks for your attention
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