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0 The Boltzmann equation

e Method of moment relaxation
© Shape of the set R}

0 ¢ divergence

© Back to the model

@ stationary shock wave
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The Boltzmann equation |
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Boltzmann equation

The Boltzmann equation

Wf +v-Vif = Q(f,f) = QT (f,f) = v()f, (t,x,v)e RT x R®x R

Notations
f(t,x,v) :distribution function
n= [fav : number of molecules per unit volume
nu = fvf dv : momentum (m=1)
E= ”7“2 +3nT=%[v2adv : total energy
H(f) = [(Finf-Ff)dv : Boltzmann Entropy
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Boltzmann equation : Main properties |

1) f(t,x,v) > 0. Preservation of the positivity

2) Collision invariants (mass, momentum and energy )

fQ(f, f)(1,v,v?) dv =0

3) dn entropy density and

‘H(f):fn(f)dv s.t. fn’(f)o(f,f)dvso.

3’) For the Boltzmann equation n(x) = x In(x) — x,

OH(f) + divan(f) dv<0
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Boltzmann equation : Main properties |l

4) Extended H theorem

f 7 (HQ(f, f)dv = 0 & Q(f,f) = 0 & 1/ (f) € Span{1, v, v?}
R3

(v - u?
2T )

Sf=M=—" S exp(—
(2nT)2

5) Correctness of the hydrodynamic limit
= Right properties on the linearized operator
Chapmann-Engskog expansion : f = M(1 + &g) + O(&?)

]
Oif + v -Vt = ~Q(F.1).

= Euler and Navier-Stokes (transport coefficients)
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f(t, x, v) : distribution function

of

S vV FVE = C(f1)

8t SN— ——
) Force term  Collision de term
transport

n, uet T : density, velocity and temperature

1 1
n:f fav, u:—f vf dv, T:—f |v—u|2fdv.
R3 P JRr3 3p Jrs

Obtention of fluid models
@ Equilibrium states : C(f,f) = 0 & f = M; + O(&?)
@ f= M; + O(g) + moments extraction w.r.t. (1, v, v2) = Euler system

o f= M1+ &g) + O(g2) + moments extraction w.r.t. (1, v, v?)
= Navier-Stokes system
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Chapman-Enskog expansion

Parameter € Knudsen number.
When & — 0, Boltzmann = fluid model
Rescaled Boltzmann equation

]
Ot +v - Vil = —~Q(L.1).

Chapman-Enskog expansion
@ Equilibrium state : Q(f,f) =0 o f = M;
e f = M; + moments extraction w.r.t. (1, v, v?)
= Euler system
@ f = M(1+ eg) + moments extraction w.r.t. (1, v, v2)
= Navier-Stokes system
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Euler system

Order 0
0
(E +v- VX)M — MLs(g) (1)
with

£8(9) = QM Mg) + Q(Mg, M)
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Euler system

Order 0
0
(E +v- VX)M — MLs(g) (1)
with

£8(9) = QM Mg) + Q(Mg, M)

Integration of (1) w.r.t (1, v,|v|?) = Euler system
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Euler system

Order 0

(% Ty VX)M = MZLs(g) (1)

with

£8(9) = QM Mg) + Q(Mg, M)

Integration of (1) w.r.t (1, v,|v|?) = Euler system
Euler system

dp +div(pu) = 0
di(pu) +divk(pu®u)+ Vy(pT) = 0

1 3 . 1 5
af(p(§|u|2 n ET)) i dlvx(pu(§|u|2 n ET)) _
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Computation of g

Expression of times derivatives w.r.t space derivatives.

a _ . VXT o
(E by VX)M = (A(V) :D(v) = b(V) - )M = MLs(o)
_v-u
v
Inversion of the relation = g
Sonine polynomials
_ e _ Vel
A(v)=vev 3|v| ld, b(v)= 2(v 2).

D(u) (viscosity tensor) :

1 1
D(u) = 5(Vxu+ Veu') - 3 dliv(u)ld.
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Navier-Stokes system

Integration of (% +v- VX)(M +eMg) w.rt (1,v,|v[),

dip + divx(pu) =0
di(pu) + divy(pu®u+pT Id — guD(u)) =0

1 3 A 5
6t(p(§|u|2 + ET)) + dlvx(p(§|u|2 +2T) = eV T = auD(v) - u) —0.
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Navier-Stokes system

Integration of (% +v- VX)(M +eMg) w.rt (1,v,|v[),

dip + divx(pu) =0
di(pu) + divy(pu®u+pT Id — guD(u)) =0

1 3 A 5
6t(p(§|u|2 + ET)) + dlvx(p(§|u|2 +2T) = eV T = auD(v) - u) —0.

Transport Coefficients

w=u(T,p,A, L5"): Viscosity, «=«(T,p,b,L5') : Heat flux
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Navier-Stokes system

Integration of (% +v- VX)(M +eMg) w.rt (1,v,|v[),

dip + divx(pu) =0
di(pu) + divy(pu®u+pT Id — guD(u)) =0
1 3 1 5
6t(p(§|U|2 + ET)) + divx(p(§|u|2 +2T) = eV T = auD(v) - u) —0.

Transport Coefficients

w=u(T,p,A, L5"): Viscosity, «=«(T,p,b,L5') : Heat flux

Prandtl number

Pr =

N O
= I=
Q
Wl N
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Boltzmann operator

Collision operator
Q(f,f) = f f B(v — v, w)[f(t, x, V')f(t, x, v.) = f(t, x, v)f(t, x, vi)|dwdvs,
R3 Js2

where

Vi = v—{(V—-V,, wo,
V. = v+{V-v,, 0w, wes?

— High complexity

= Find a simplified operator

Q(f,f) ~ A(G - f)
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Method of moment relaxation |
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BGK Models

Relaxation operator
1
Q(f,f) ~ R(f) = ;(M— f), >0
where M is defined by

v —uf?
M(v) = mexp(—%).
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BGK Models

Relaxation operator

Q) ~ R(F) = ~(M=1f), >0

T

where M is defined by

v —uf?
M(v) = mexp(—%).

M = Argming.c, H(g)

where
1 1
Cf:{gZOS.t.f v gdv:f v |fdv}
R3 V2 R3 V2
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Properties of the BGK operator

Conservation laws

fs(M - (1, v,|v[?)dv = (0,0,0),

Stéphane-Brull (Bordeaux) Derivation of relaxation operators 19t November 2025 15/52



Properties of the BGK operator

Conservation laws

fs(M - (1, v,|v[?)dv = (0,0,0),

Equilibrium states

fp(M—f)Infdv—O(:)f—M,
R3
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Properties of the BGK operator

Conservation laws

f (M=f)(1,v,|v[?)dv = (0,0,0),
R3
Equilibrium states

fp(M—f)Infdv—O(:)f—M,
R3

H Theorem

f (M~—f)Infdv <0.
R3S
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Properties of the BGK operator

Conservation laws

f (M=f)(1,v,|v[?)dv = (0,0,0),
R3
Equilibrium states

fp(M—f)Infdv—O(:)f—M,
R3

H Theorem

f (M~—f)Infdv <0.
R3S

Trend to equilibrium

tllToo f(t) = M.
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Properties of the BGK operator

Conservation laws

fs(M - (1, v,|v[?)dv = (0,0,0),

Equilibrium states

f pM-=f)infdv=0&o f=M,
RS
H Theorem

f (M—=f)Infdv <0.
R3S
Trend to equilibrium

lim f(t) = M.

t——4oc0

Problem : Prandtl number not correct ~ 1
Remark : Model coming from an entropy minimization problem
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Aim Construct relaxation operator
R(f) =v(G - f) = Q(f, f)
that is able to reproduce right the transport coefficients.

Requirements

@ R(f) « behaves as » linear operator

@ "good properties" : Positivity, H-theorem, ...

Stéphane-Brull (Bordeaux)
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Construction of the model

Linearization of f :
f=M(1+g) = Q(f.f) » MLs(9)

Lp : Linearized Boltzmann operator :

QM(1 +9). M(1+9)) = QM=M] + MLs(g) + QMg-Ag]

V¢ test function,

Ls R(f)pdv ~ La MLp(g)¢pdv = fRs MgLs(4) dv :f fL5(¢) dv

R3

= [ G- neav = [ rra@)ov
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Relaxation constraints

Choice of a polynomial space in v : P = span(my(v),...,mn(v)),
s.t. K = span{1, v, v3} c P

(m;); eigenvectors of Lg : Lg(m;) = —vim;

Test function : ¢ = m;

fR(f)m,-(v)dv = fv(G —f)ymj(v)dv = —v; LS f mi(v)dv

=>me, 1—;)£3fm,-(v)dv

(—vi)i=1...n are nonpositive relaxation frequencies (eigenvalues)
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First example

Set of tensors : P = K@+ A, where

K Span{1, v, v?}

1
Av) = (v-u)e(v-u)-lv-ull
Constraints on G : Cs
G(1,v,v¥)dv = f f(1,v,v?) dv
R3

(1- LA)f fA(v - u)dv
R3

v

R3

GA(v-u)adv
R3

Conservation laws = v; = 0 on K (K c P)

= Derivation of the ESBGK model [S.B., J. Schneider, 2008] with
n(f) = fin(f) - f
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Main example

Set of tensors : P = K &+ A @ b, where

b(v) = (v - u) (%(v _up- gr)

Constraints : C¢
G(1,v,v®)dv = f f(1,v,v?) dv
R3 R3

fRSGA(v—u)dv - (1_V_A)fR3fA(V_U)dV

Gb(v—-u)dv — (1—V—")f fb(v - u) dv
]R3

R3 v
Conservation laws = vi = 0on K

How to define v, v4 and vy, G?

Stéphane-Brull (Bordeaux) Derivation of relaxation operators 19t November 2025



Definition of G

Computation of G

G = argmingec, f \ n(g) dv
R

(Cy set of moments constraints)

If f — G is sufficiently smooth and if R(f) is well-posed ("weak" H theorem)
W, f om () R (f) dv < 0,
—Oﬁfam dV—O@Bm()espan{Lv,vz}.

Chapman-Enskog expansion

= O(¢) : Euler and O(&?) : Navier-Stokes
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Linearized operator/transport coefficients

Linearized operator of the Relaxation operator

La(g) = v(Y,(1 = 1), + B2 - 1) (9)

Transport coefficients for the relaxation operator

. kBT 1 . nkBT
llf? - ___1?5_ <-Z:F? ([X) 5[§> — Va ’

B 1 » _ 5nkiT
B g7 (LA ().0) =5

(-,-) : L3(M) dot product with the full contraction for tensor.

Aim : Recover the right viscosity and the heat conductivity

MR = firef = UB @Nd kKR = Kygf = KB
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Definition of v4 and vp

Transport coefficients for Boltzmann

kBT —1
e =-—o-(L5' (A).4), «s 3k 373 (Ls' (b).b)
Definition of v, and vy
nT 5 nT
UR = HUB, KR = KB =>Vsa = —, Vp = :Pr:g'[—lzv—b
HB 2 kg 2k va

Remark : R is designed such that L‘R1 ~ L‘B1 and not Lg ~ Lp
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Problems to be solved

@ What is the shape of the set of realizable moments
R = {f fm(v)dv, f>0a.e, f fImi(v)ldv < +oo}
R3 R3

@ Relaxation frequencies v, (v;); are such that C; # 0?

© Optimization problem : choose n such that
e Existence of a (unique) minimizer

e H theorem, positivity . ..
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No solution (in general) when n(x) = x In(x) under the constraints

fg(1,v,v2)dv = ff(1,v,v2)dv
R3 R3

gA(v—-u)dv = (1 —/LA)f fA(v—u)adv
R3 4 RS

gb(v-u)dv = (1 —/l—b) fb(v—u)dv
R3 4 R3

Artificial condition on [ glv|*av ?
The problem might not be well posed ?

See [ Junk, 1998, 2000], [J.Schneider, 2004], [Hauck et all, 2008],
[Pavan, 2011]
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Variational principle

Choose a strictly convex function n with domain in R and set

(L= (1-2) f m(v)dv

Problem
For ps € RY (g= dim (span{m})), find if possible a function G such that

Q@ [Gm(v)av=L(py)

Q H(G) = i H
(@) fgm(vr;]clf‘r):L(pf) (9)
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Shape of the set R, )
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Realizability

Assume m (v) := (mg (v),---,mk (v),---,m, (v))" : be a vector of
tensors polynomial in v € R® (pseudo Haar basis)

Realizability problem : p = (po, ..., pn) list of tensor.
Is there a function f > 0 in L'(RY) s.t.

ffmi(v)dv = Pij ?

Hamburger, Riesz, Haviland, Curto-Fialkow, Junk, Lasserre, Pichard, ...
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Junk’s theorem

Theorem (Junk, 2000)

Q@ pecRi\OleVa+0sta-m(v)>0a.e. thereisp-a >0

@ R is an open convex set

R*\(0} is characterized by the set of (negative) positive polynomials : all @
such thate - m(v) > 0.

Issue : Characterize the set of nonnegative polynomials (tractable way ?)
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Examples in kinetic theory

© "Euler'm(v) = (1,v, v2)

Q "Gauss” :m(v) = (1,v,v®V)

© Grad:m(v) = (1,v,v®v,v2v)

Q Levermore :m(v) = (1,v,v QV, V3V, v4)
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Characterizing nonnegative polynomials

XVIlth Hilbert’s problem

Show that every nonnegative polynomial with coefficient in R is a sum of
square rational functions.

One of the important question about this problem :

If p(v) = @ - m(v) is nonnegative, is it a sum of square (S.0.S)
polynomials ?

Exemple : [Lasserre, 2009]
p(x) = 2x? + 2x3xp — x2x2 + 5x3 = $(2x2 - 3x2 + x1x2)? + 3 (X2 + X1 %2)?

But p(x) = x2x2(x2 + x2 — 1) + 1 is nonnegative but not S.0.S.
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Quadratic structured space

Example (Levermore space)

The Levermore space can be identified as a product of
(1,v,v2) v (1,v,v2) = (1,v,v®v,v2v, v4)

2
A square polynomial P(v) = (a +b-v+ cv2) can be written as

BT MB, with B=(a,b,c)T eRxR®xR

T 2

1 Vv \"
V VRV VeV
vz vyl v

M =

What about Grad space ?

(1.v.v® v, v?v) has no quadratic structure
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Hankel matrix

Definition

Forf>0inL,

Lev define a Hankel matrix H as

H= Mf(v)av.
R3

=>f(a—|—b-v—|—cv2)2fdv:ﬁTHﬂ>0

Necessary condition :
H must be definite positive.

Converse statement ?
True if every positive polynomial is a Sum Of Square (S.0.S.)

B"HB =a - p)
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Known results

Known results between positive polynomials and S.0.S in R?

@ d =1 :every positive polynomial is a S.0.S

@ d = 2 : true for polynomial of degree n < 4 but not always if n > 6
(Hilbert 1893)

@ d > 3 :true for polynomial of degree n = 2 but not always if n > 4

The first explicit counterexample for non S.0.S polynomial in dimension 2
was only found in 1966 !

Artin (1927) Every nonnegative polynomial is a sum of square rational
functions.
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Positive polynomials in Grad space € span (1,v,v ® v) (Gauss space)

i.e. Every positive polynomial @ - m(v) writes as (8,0) - (1, v, v® v, v?v)
In Gauss space, S.0.S & Non negative polynomials

Characterization by S.0.S. in the Gauss space and of realizable moment
by the Hankel matrix

Proposition

p=(nnuN QeRS  iffn>0N-nueu>0.

nﬂ:fv@vfdv, nQ:fvzvfdv.

Stéphane-Brull (Bordeaux) Derivation of relaxation operators 19t November 2025 35/52



Relaxation in Grad basis

span (1 ,V,VRV, v2v) is generated by

a(v-u):=(1,(v-u),(v-u)®-3T.A(v-u).b(v-u))

Moments of f
f fa(v—u)dv=(no0,0,P,Qq)
R3

where P : traceless pressure tensor and q : heat flux

Proposition

(n,0,0, 4P, A q) € RS: VAu €[~ 1] and VA € R

Remark : The heat flux can take any value
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Legendre transform

Problem

Legendre dual function h* : R9 — R = R | {+oc0, —co} :

Ya e RY, h* (@) =sup(p-a—h(p)).
PRI

Example : ¢(x) = xIn(x) — x = ¢*(y) = exp(y)

(fInf —f) dv = Maxwellian distribution function : M
R3

-1 */

Property : If is convex, (/)™ =17
Ex:lfn(x)=xInx-x, (i) = exp, n* = exp, (7°)" = exp
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Definition (Entropy, Entropy density)

H()= [wa)a. np)= min ()

Forp € dom(h) find if possible a function G such that
® H(G) = h(p)
o [Gm(v)dv=p

e G=(7)"(e -m(v)) =) (e m(v)) (analytical form)

@ G= Mforp = f Mm(v) dv (hydrodynamic limit)
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¢ divergence J
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« Renormalisation » map of [Abdel-Malik, Van Brummelen, 2015]

One starts from (1 + %) — exp(x) and looks for solutions of the form

(x)+ = positive part
Inverse function of (1 + %)Y :in(y) = Ny'/N = N — In(y)
H is replaced by

Hn = fM(/JN(f/M)dv, with ¢n(x) = xIn(x)

Remark : polynomial growth of (1 + %)V instead of exponential
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General result by convex analysis

@ ¢ :R — RU {+oo} stricly convex and differentiable of R

Q ¢4(0)=0, ;Iair% @ € R, ¢ superlinear

Q Va, ¢*(@-m(v)) € L'(Madv) : Csiszar assumption
Then

G = M(¢*) (@ - m(v)) : unique solution to the variational problem :

H(@)=hip) = min H(g)

on(x) = (1 + %)Y satisfies Csiszar assumption

#(x) = xIn(x) — x with ¢*(x) = exp(x) does not satisfy Csiszar
assumption
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Back to the model )
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In the Grad space

Step1:Forf>0,felLl ., considerps = ffa(v — u)dv

Step 2 : Relaxation :

Vv>va,vp 20

Lipr) = (n.0,0.(1~ )F.(1 - )a)

(n, 0,0, 1. P, Apq) e R: VAu €[~} .1]and VA € R

Step 3 : Solve the variational problem for some ¢ divergence

Jla, G= Mi(s") (- a(v-u)),

with

fGa(v— u)dv = L(ps), and H(G) = h(L(ps))
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Equation
Of +v-Vyf =v(G-f)

@ Positivity, conservation laws, H-theorem, Galilean invariance

© Exact hydrodynamic limit if v > va, vp

_n_T 5nT

VA = > Vb
us 2 kB

f fInf is almost a Lyapunov functional for the inhomogeneous equation if
d(x) = xInx (ex : pn(x) = N(x'T1/N - x))

f R(f) ¢}y(F/ M)dv —> f R(f) In(f/M)dv
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Stationary shock wave |
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Stationary normal shock wave - 1

Purpose : the 1D domain is divided in 2 regions, with different gas states,
and let the gas relaxed to the stationary state.

Domain initialization

{n_u., T} {nR,UR, TR}

\4
b

Boundary conditions
@ LeftatO:{n.,u, T}
@ Rightat 1 :{ng, ug, Tr}
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Stationary normal shock wave

Mach | Boundary n u T
1.4 left 1 1.278 1
right 1.581 | 0.808 | 1.392

Code characteristics

@ DVM on top of a Discontinuous Galerkin Advection solver
@ 1D physical, 3D molecular velocities
@ BGK model : BGK, S-BGK, ES-BGK, phi-div (N = 3)
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Stationary normal shock wave - Results

Normalized solutions comparison

1.7 T
ES-BGK Density ———
16 1 PhiDiv Density
- _— ESBGKUx -
o 15L e PhiDiv Ux |
g ' / ES-BGK T
2 "
z l4r S PhiDVT —— |
£ /
k=] [ /
© 13 4
i )
(5]
N
® 12f 4
£
2 11| YV i
1+ - 4
09 1 1 1 1 1
-30 -20 -10 0 10 20 30
Adim domain
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Stationary normal shock wave - Results

Temperature profile for various BGK
1.4

BGK ——
135 | SBGK ——
ES-BGK T

13| PhDVT

1.25

1.2

Normalized adim values

Adim domain
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Existing results

@ Fick matrix gas mixtures : [S.B, V. Pavan, J. Schneider., 2012]

@ ESBGK models for mono and polyatomic gas mixtures :
viscosity (and shear viscosity), heat conductivity :
[S.B., J. Schneider, 2008] (mono), [S.B., J. Schneider, 2009] (poly),
[S.B., 2015, 2021]

@ Polyatomic reacting gases, discrete energy, Fick matrix
[S.B., J.Schneider., 2014], [J.Schneider. 2015]

@ Fick matrix poly (and mono) gas mixtures : 2 viscosities and Fick
matrix [S.B., Guillon, Thieullen, 2024]

@ ESBGK model with a general formalism for microscopic energy
introduced by [Borsoni, Bisi, Groppi] : [S.B., Pollino, 2025]

Stéphane-Brull (Bordeaux) Derivation of relaxation operators 19t November 2025



@ Relaxation model for multispecies (mono and poly) leading to the full
set of transport coefficients (Phenomenological or Onsager matrix)

@ Numerical method to simulate phi-divergence operators
Developpement of a code : [S. B., Y. Jobic, V. Pavan, J. Schneider]
In progress

@ BGK model for Enskog.
[S. B., A. Derro, A. Takahashi]
In progress
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